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We discuss topological electronic states described by the Dirac Hamiltonian plus an additional one
in three-dimension. When the additional Hamiltonian is an element of an Abelian group, electronic
states become topologically nontrivial even in the absence of the fundamental symmetries such as
the time-reversal symmetry and the particle-hole one. Such symmetry-breaking topological states
are characterized by the Chern number defined in the two-dimensional partial Brillouin zone. The
topological insulators in Zeeman fields are an example of the symmetry-breaking topological matters.
We show the crossover from the topological insulating phase to the topological semimetal one in
strong Zeeman fields.
PACS numbers: 73.20.At, 73.20.Hb
Topological classification has successfully predicted a
number of topologically nontrivial electronic states in the
condensed matters. Each topological phase is charac-
terized by a topological number defined in the presence
of the fundamental symmetries preserved in the mate-
rials such as the time-reversal symmetry in topological
insulators[1–4], the particle-hole symmetry in superflu-
ids and topological superconductors[5, 6], and the crys-
tal symmetry in topological crystalline insulators[7, 8].
The table of the topological classes [9, 10] has suggested
a close relationship between the appearance of the topo-
logical phase and the invariance of the Hamiltonian un-
der the fundamental symmetries. However, the surface
states, an evidence of the topological phase, often remain
gapless even when the fundamental symmetries are bro-
ken by perturbations. For instance, Z2 number in the
presence of the time-reversal symmetry characterizes the
topological state of 3He-B phase belonging to class DIII.
In the Zeeman field, however, 3He-B phase still hosts the
gapless states on a surface parallel to the Zeeman field.
Mizushima et. al. [11] have explained the existence of the
gapless surface states in terms of a topological number de-
fined by using the remaining symmetry of 3He-B phase
under the Zeeman field. Finding a particular topological
number for explaining a particular gapless surface states
is a way to understand physics of topological materials.
However there may be more general route to characterize
topological electronic states.
In this paper, we will show an alternative way to search
the topological materials in three-dimension in the ab-
sence of the fundamental symmetries. The electronic
structures of topological materials are described by the
4×4 Dirac Hamiltonian. A unitary transformation in the
two-dimensional partial Brillouin zone (BZ) deforms the
4×4 Dirac Hamiltonian into two decoupled 2×2 quantum
Hall Hamiltonians whose electric states are characterized
by the nontrivial Chern number. The Chern number
characterizes the two-dimensional topological states in
class A where the Hamiltonian are not necessary to pre-
serve any fundamental symmetries. Therefore the Chern
number in each quantum Hall state (QHS) remains un-
changed as far as perturbations do not mix them. Such
perturbed Hamiltonian preserves a certain symmetry in a
two-dimensional BZ and forms an Abelian group. Gener-
ally speaking, the symmetry in a two-dimensional partial
BZ are not necessary to be held in whole BZ in three-
dimension. Therefore, the Dirac Hamiltonian plus such
perturbed Hamiltonian describe topological states char-
acterized by the Chern number without any fundamental
symmetries. Our theory provides more general frame-
work for searching topologically nontrivial states than
the table of the topological classes [9, 10]. On the ba-
sis of the prescription, we propose semimetal phases of
time-reversal invariant topological insulator under strong
Zeeman field. Such semimetals are an example of the
symmetry-breaking topological materials because they
are characterized only by the Chern number in the partial
BZ.
We begin with the three-dimensional Dirac Hamilto-
nian which describes electronic structures of topological
materials such as topological insulators, topological su-
perconductors, and superfluids,
H0 =aα
µpµ +Mβ, µ = x, y, z, (1)
M =(m− bp2), (2)
where a, b, and m are positive constants, α and β are the
4× 4 Dirac matrices,
αµ = σµτx =
(
0 σµ
σµ 0
)
, β = σ0τz .
The diagonal 2×2 blocked sectors describe the two orbital
spaces in the topological insulators[12] or the particle-
hole subspace in the topological superconductors. Here
the Pauli matrices σµ and τµ for µ = x, y, z act on the
spin and the orbital indexces of an electron, respectively.
The matrices σ0 and τ0 are the 2×2 identity matrix in the
corresponding subspace. The index which appears twice
in a single term means the summation for µ = x, y, z.
2FIG. 1. In (a), a plane represents the two-dimensional partial
Brillouin zone (BZ) embedded in the three-dimensional one.
In the partial BZ, the two blocked Hamiltonian h(M) and
h(−M) describe the two quantum Hall states (QHSs) with
the opposite chiral edge mode as shown in (b), where the
arrows denote the direction of the chiral edge current. The
corresponding dispersion of the edge modes is shown in (c).
Fig. (d) illustrates the dispersion of the edge modes under the
antisymmetric Zeeman field which shifts the chemical poten-
tial of the two QHSs inversely. As a consequence, the Dirac
point moves to another point in the BZ.
We first focus on a partial Brillouin zone specified by
pz = 0. The Hamiltonian can be separated into two
blocks as
HU
0
=
(
d(M) · σ 0
0 d(−M) · σ
)
, (3)
d(M) =(apx, apy,Mpz=0), (4)
by applying the unitary transformation HU = UHU †
with
U =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 . (5)
The Hamiltonian of the blocked sector h(±M) = d(±M)·
σ is a simple model of the Quantum Hall systems [13] as
shown in Fig. 1(b). The chiral edge modes of the two
quantum Hall states (QHSs) have the opposite chirality
to each other. When the Chern number C is 1 for h(M),
it is -1 for h(−M). The dispersion of the chiral edge
modes goes across the zero-energy at so called Dirac point
in px and py axes on the xz and yz surfaces, respectively
as schematically shown in Fig. 1(c). The Dirac point is
stable even when we add a perturbation HUP to H
U
0
as
far as HUP is invariant under the unitary transformation
given by PUxy = τ
z (i.e., PUxyH
U
P (P
U
xy)
† = HUP ). This is
because such HUP does not mix the two QHSs. In the
original representation before applying U , the perturbed
Hamiltonian HP should satisfy PxyHPP
†
xy = HP , where
Pxy = σ
zτz represents the combined operation of the
pseudo spin inversion τµ → −τµ and spin inversion σµ →
−σµ for µ = x and y. The set of Hermite matrices HP
forms an Abelian group AP whose elements are invariant
under the unitary transformation by Pxy. Non-trivial
Chern numbers in the partial BZ of pxpy plane explain
the existence of the gapless states on the four surfaces
perpendicular to the xy plane. It is possible to generalize
the argument above to the partial BZ specified by pρ = 0.
In this case, the unitary operator is represented by
Pµν = ǫµνρσ
ρτz , (6)
where ǫµνρ is antisymmetric symbol. Here we supply an
example of HP ,(
a0 + aρσ
ρ bµσ
µ + bνσ
ν
b∗µσ
µ + b∗νσ
ν c0 + cρσ
ρ
)
, (7)
where µ, ν and ρ represent x, y and z, and they are not
equal to one another. Coefficients a0, aρ, c0 and cρ are
real numbers but they are not necessary to be constants.
The Abelian group AP has a subgroup of APQ. The
perturbed Hamiltonian belonging to APQ does not re-
move the gapless states on all the surfaces. To show this
property, we consider the elements commute with Pyz.
The gapless states remain on the four surfaces perpen-
dicular to the yz plane under such perturbed Hamilto-
nian. Thus we show the gapless states on the remaining
two surfaces parallel to the yz plane. After applying the
transformation by U in Eq. (5), Eq. (1) with py = pz = 0
becomes
HWU
0
=WHU
0
W † =
(
d
′(M) · σ 0
0 d′(M) · σ
)
, (8)
d
′(M) =(apx, 0,m− bp
2
x),
where W is a unitary matrix of W = diag[σ0,−iσx]. At
the point of py = pz = 0, the edge states on the yz sur-
face are degenerate at the zero-energy. This is because
the two blocked sectors are equivalent to each other in
this representation and because each blocked sector pre-
serves the ’particle-hole symmetry’ within the 2×2 space
represented by a relation σy(d′ · σ)σy = −d′ · σ. Thus
the degeneracy of the two edge states remains even when
we add the ’particle-hole’ symmetrical HamiltonianHWUQ
to HWU
0
. Such Hamiltonian HWUQ should satisfy the re-
lation QWUyz H
WU
Q (Q
WU
yz )
† = −HWUQ with Q
WU
yz = σ
yτ0.
The Hermitian matrices form the Abelian subgroup APQ
whose elements HPQ satisfy QyzHPQQ
†
yz = −HPQ and
PyzHPQP
†
yz = HPQ at the same time. In the original
representation before applying the transformation of W
and U , the unitary matrix Qyz is given by
Qyz = σ
xτy . (9)
3When we consider elements invariant under Pµν in gen-
eral, the unitary matrix in Eq. (9) is represented as
Qµν = ǫµνρσ
ρτy . In addition to the elements in APQ,
the Hamiltonian proportional to 4 × 4 identity matrix
does not affect the gapless surface states at all.
In a short summary, we have discussed the
three-dimensional symmetry-breaking topological matter
whose electronic structures are represented by
H = H0 +HP , (10)
where HP commutes with Pµν = ǫµνρσ
ρτz . The set
of such Hamiltonian forms the Abelian group AP . The
Chern number defined in the two-dimensional partial BZ
specified by pρ = 0 characterizes the topologically non-
trivial states. Generally speaking, the symmetry in a
two-dimensional partial BZ are not necessary to be held
in whole BZ in three-dimension. In addition, the gapped
energy spectra in a two-dimensional partial BZ are not
necessary to be held in whole BZ in three-dimension. The
word ”symmetry breaking” means that the symmetries
preserved in H0 are broken by HP , and those preserved
in HP are broken by H0. In the following, we discuss
electronic states of three-dimensional topological insula-
tor under the Zeeman field as an example of the three-
dimensional symmetry-breaking topological matter.
The Zeeman field is represented by two vectors B and
B˜ as
H1 =Bµσ
µτ0 + B˜µσ
µτz , (11)
where Bµσ
µτ0 and B˜µσ
µτz are the symmetric and the
antisymmetric parts of the Zeeman field with respect to
the two orbitals, respectively. The antisymmetric part
of B˜µσ
µτz is attributed to the difference of the coupling
constants to the Zeeman field in the two orbitals and is
dominant in Bi2Se3[12]. We consider the subgap states
on the yz surface for a while. When the weak Zeeman
field of B, B˜ < m is applied along the z axis parallel
to the yz surface, the two QHSs in the two-dimensional
partial BZ on pypz plane still remain decoupled from each
other because the H1 commute with Pxy. Applying the
unitary transformation of U , the Hamiltonian becomes
HU
1
= Bzσ
zτ0 + B˜zσ
0τz . (12)
The symmetric Zeeman field Bz gives a constant correc-
tion toM in Eq. (3) and does not affect the Dirac point in
two-dimensional BZ at all. On the other hand, the anti-
symmetric Zeeman field B˜z shifts the chemical potential
of the two QHSs inversely. As a result, the Dirac point
moves from the Γ-point (py, pz) = 0 as shown in Fig. 1(d).
The situation is similar to the shift of the Dirac point at
the interface facing to a ferromagnetic insulator[14–17].
Next we consider the Zeeman field in the direction
perpendicular to the yz surface. We conclude that the
symmetric Zeeman field would remove the gapless states
from the yz surface because it does not belong to the
Abelian subgroup APQ. On the other hand, the an-
tisymmetric Zeeman field leaves the gapless states be-
cause it belongs to the Abelian subgroup APQ. It is
easy to confirm these conclusions by the argument be-
low. Both the symmetric Bxσ
xτ0 and the antisymmetric
B˜xσ
xτz Zeeman field commute with Pyz = σ
xτz but do
not commute with either Pxy = σ
zτz or Pxz = −σ
yτz .
The symmetric Zeeman field does not anticommute with
Qyz in Eq. (9), which indicates the gapless states are
no longer guaranteed on yz surface. On the other hand,
the antisymmetric Zeeman field anticommutes with Qyz,
which means the antisymmetric Zeeman field belongs to
APQ. This is because the antisymmetric Zeeman field
preserves the ’particle-hole symmetry’ in each QHS. As
a result, the symmetric (antisymmetric) Zeeman field re-
moves (leaves) the gapless energy spectra on the surface
perpendicular to the Zeeman field. So far we have consid-
ered the weak Zeeman field of m > |B| and m > |B˜|. In
the strong Zeeman field m < |B| and m < |B˜|, another
topological phases would be also expected because the
two QHSs still remain decoupled from each other. We
will confirm the last statement by numerical calculation.
In the following, we confirm the analysis above by the
numerical calculation on the tight-binding model,
H =
∑
p
c(p)†
[
(m− b
∑
ν=x,y,z
(1− cos pν))σ
0τz
+a sin pµσ
µτx + σν(Bντ
0 + B˜ντ
z)
]
c(p) (13)
with the parameters m, a and b used in Ref. 17. Here
c(p) = (c1↑, c1↓, c2↑, c2↓)
T is the annihilation operator
with four components corresponding spin ↑, ↓ and orbital
1, 2 subspaces. To calculate the energy spectra of the
surface state on yz plane, we consider the lattice along x
axis with∑
px
cos pxc
†(px)c(px)→
1
2
∑
j
(c†(j + 1)c(j) + h.c.),
∑
px
sin pxc
†(px)c(px)→
1
2i
∑
j
(c†(j + 1)c(j)− h.c.),
where we utilize j as the position on the x axis and em-
ployee the hard-wall boundary condition in the x axis.
At first, we consider the weak Zeeman field. The topo-
logical phases can be confirmed by the appearance of the
gapless surface states. In Fig. 2, we show the energy spec-
tra of the surface states on yz plane under the symmetric
Zeeman field with |B| = m/2 and |B˜| = 0 in (a) and (c),
and those under the antisymmetric Zeeman field |B| = 0
and |B˜| = m/2 in (b) and (d). The results for the Zee-
man field parallel to the yz surface are shown in Fig. 2(a)
and (b). The energy spectra on the surface remain gap-
less in both the symmetric and the antisymmetric Zee-
man field. Especially, under the antisymmetric field in
4FIG. 2. The energy spectra of the yz surface states under
the symmetric Zeeman field (a) and (c) or the antisymmetric
Zeeman field (b) and (d). The Zeeman field is applied in a
parallel direction to the surface in (a) and (b). In (c) and (d),
the Zeeman field is applied in the perpendicular direction to
the surface. The momentum in the z direction is fixed at
pz = 0 in all figures.
Fig. 2(b), the Dirac point shifts from the Γ point. When
the symmetric Zeeman field is in the perpendicular to the
surface, the gapless states on yz plane vanish as shown in
Fig. 2(c). On the other hand, as shown in Fig. 2(d), the
gapless states survive under the antisymmetric Zeeman
field. The numerical results in Fig. 2 suggest the validity
of the analysis.
Finally, we show the numerical results for the large Zee-
man field m < |B| and m < |B˜|. According to Eq. (3)
and (12), the large enough symmetric Zeeman field equal-
izes two the Chern numbers of the two QHSs because of
sgn[M + B] = sgn[−M + B]. Therefore, the net Chern
number becomes nontrivial in the two-dimensional BZ.
The electronic states of the topological insulator under
the large symmetric Zeeman field consist of a number
of QHSs with the same Chern number stacking in mo-
mentum space. As a consequence, electronic states be-
come the Weyl semimetal phase [18–21]. In Fig. 3(a)
and (c), we show the energy spectra on yz surface un-
der the strong symmetric Zeeman field in the y axis
with By = 1.5m. The semimetal hosts the chiral sur-
face modes so called the Fermi arc as shown by a pair of
linear dispersion in (c). The spectra in Fig. 3 include the
contribution from the two yz planes parallel to the Zee-
man field. When one yz surface hosts a chiral modes with
the positive velocity, the other yz surface hosts a chiral
modes with the negative velocity. The results are con-
sistent with a study of the large Zeeman field in Ref. 22.
On the other hand, the antisymmetric Zeeman field bi-
ases the two QHSs reversely but holds the Chern number
unchanged. As a result, the topological insulator qual-
itatively changes into the nodal semimetal as shown in
Fig. 3(b) and (d), where we show the excitation spectra of
bulk states under the strong antisymmetric Zeeman field
in the y axis with B˜y = 1.5m. The numerical results in
Fig. 3 might imply the applicability of our approach to
metallic materials.
FIG. 3. The energy spectra on the yz surface under the large
Zeeman field applied in the y direction. The results are plot-
ted along the py axis with pz = 0 (upper figures) and along
the pz axis with py = 0 (lower figures). The left figures of
(a) and (c) are the results for the symmetric Zeeman field at
By = 1.5m. The right figures of (b) and (d) are calculated
under the antisymmetric Zeeman field at B˜y = 1.5m.
In summary, we have discussed topologically nontriv-
ial electronic states described by the Hamiltonian of
H = H0 + HP , where H0 is the Dirac Hamiltonian,
and HP is an additional Hamiltonian belonging to an
Abelian group of AP . The Chern number defined in
the two-dimensional partial Brillouin zone characterizes
the topological states. Generally speaking, such topo-
logical states can be realized without any fundamental
symmetries such as the time-reversal, the particle-hole
and the chiral symmetries. Thus we have proposed a
possibility of symmetry-breaking topological matters in
three-dimension. When HP belongs to an Abelian sub-
group of APQ, the symmetry-breaking topological matter
has the gapless states on all the surfaces. We have nu-
merically studied the electronic states in a topological
insulator in Zeeman fields as an example of the three-
dimensional symmetry-breaking topological matter. The
results of the low-energy excitation spectra suggest the
Weyl semimetal phase or the line-nodal semimetal one
depending on characters of large Zeeman fields.
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